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3. Trigonometric Functions

¢ General solutions of some trigonometric equations:

o SiINX=0=Xx=0NTM, wheren € Z

o cosx=0=x=(21+1) 7 wheren€Z
o sinx=siny=>x=nn+(-1)"y, where n € Z
©o Ccosx=cosy=x=2nn+y, wheren € Z

o tanx=tany => x=nn+y, where n € Z

2

Example 1: Solve cot x cos“ x =2 cot x
Solution:

cot x cos? x =2 cot

= Ot X COS2x — 2cot x =0

= cot x(cos®x —2)=0

2

=cotx=00r cos*x=">2

COS X
:}_—_ 1
g DC” COs X _1,12

=cosx=00r cosx= *2

n

L wheren &2

Mow, cosx=0=2x=(2n+1)

and cosx= *y2

But this is not possible as —1 < cos x < 1

Thus, the solution of the given trigonometric equation is

Example 2: Solve sin 2x + sin 4x + sin 6x = 0.
Solution:

x=(2n+1)3

ucnrene €9

where n € Z.
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sindx + (sin2x + sinbx) =0

=sin 4x+25iﬂ[@)cgg[@)=o
=sindx + 2sindx coszx =0
=sindx(l+2cos2x)=0
=sindx=00r 1 + ZcosZx=0

=sindxy=0o0r cos Zx= —

ra =

sindx =0
=2 =AMT,NEL

=>x=”—f,nEE

gy
COS 2X= 5

= C0S 2% = cosz—;

=2x=2mniz—;,mEZ

:ax=mrrtgmeZ

y=Nm

— +E
Thus, g OF xX=mm=o,

, Where m, n € Z

1. If A(x, y) is any point on the terminal arm OQ such that OA =r= {2 1 y? and £POQ =g then:

. v
sing = =
r

x
cosqg= —
”

tan g = ¥ , Wwhere x #0

o

-
cosec ¢ = — ,where y #0
¥

sec g = i,wherex#O
x

| =

cotq= —,where y#0

L

2. The signs of various trigonometric ratios in different quadrants are as follows:
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Il Quadrant I Quadrant
xis -ve X s +Hve
vis tve Vis tve
Sine is positive All ratios positive
- -
I Quadrant IV Quadrant
X1s-ve X8 +ve
vis—ve Vvis—ve
Tangent is positive | Cosine is positive

A\
Properties and Solutions of Triangles

A triangle is a polygon having three sides and three angles. Consider a AABC whose lengths of the sides AB,
BC and CA are ¢, a and b respectively.

C

B

Some geometrical properties related to AABC
1. 2A + £B + £C = 180° = & radians
2. Perimeter, 2s=a + b +c¢

a+b+e

Semi-perimeter, 5 =
2

3. Sum of any two sides of a triangle is always greater than the third side.
atb>c,b+c>aandc+a>b
4. Difference of any two sides of a triangle is always less than the third side.
a-bl<ec|b—cl<caand |c—al<h

Sine Rule

In any AABC, & o P ¢

sind sinB sinC

Cosine Rule
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In any AABC,

P +et—-at

cos 4 = ——————
2he

et +al—b

cos f=———
2ea

a’+h —¢?

cos(C=———
2ab

Projection Formulae
In any AABC,

g=heosC+ecos B
b=ccos A+acosC

c=acos B +bcos 4

Napier’s Analogy
In any AABC,
f.q—B] [u—f:ﬁ C
tan = cot —
2 a-+hb J 2

B—{,‘) (h—r] A
tan = cot—
2 h+e 2

:.:'—,4] [r—a] B
tan = cot—
2 C+a 2

Half-Angle Formulae
In any AABC,
Hlﬂ.‘i:\/{j_b}{x—{} 21N =
be 2
e sls—a) B = =] G = Bijrecy
2 N be T2 ca‘Ev‘m’J
A [6=06=¢) 8 _ [6=a(-a)  c_ [s=a)s=b)
2 s(s—a) 2 s(s—b) 2 s(s—¢)

Area of triangle:

ﬂ.:lbc'sinA:lf,wsin.-‘}:lahsin{'
2 2 2
) b’ sin('sin A _ ¢’ sin Asin B . a sinBsin(’
2sin B 2sin(’ 2sin A

abc . g . . . :
A= Fri = rv. where r and K are the radius of the incircle and circumcircle respectively of AABC

A
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Some terms related to a triangle:

Centroid, : The point of intersection of the medians of a triangle is known as the centroid of triangle.

i i -

1. Lengths of the medians:

AD = 20+ 2 -g°

!
2

BE = % u"l;’c‘: +2a -b

Circumcentre, (O): The point of intersection of perpendicular bisectors of all the three sides of triangle is called
its circumcentre. This point is equidistant from the three vertices of the circle passing through them.

By sine Rule, we have

a b c

sin 4 __s;inﬁ‘::-:inlf.1=

= a=2RsinAd, b=2RsinB,c=2RsmnC

2R

_abe
4M

Orthocentre, (P): The point of intersection of the altitudes of a triangle is called the orthocentre of the triangle.
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Incentre (I): The point of intersection of the interior angle bisectors of a triangle is called the incentre of the
triangle. The circle drawn by taking it as the centre and touching all the sides of the triangle is called the incircle
of the triangle. The radius of this circle is called inradius and is denoted by .

A

B

C

In AABC, 1 is the incentre. Incentre always lies inside the triangle.

1. .l":E

v

2. r={s- a}mngz{s--h]lan—:{s - ¢ )tan —

B Ao TR T R %
asim a1 hsin—sin C 81N -— 51N
ol bW L B aay

I

Cos — CO% — COs —
2

4, r = 4R sin ﬂs.'mEsinE

Excentres (14, I, I3): INnAABC, the bisectors of the exterior angles 2B and £C, obtained on producing
the sides AB and AC respectively, intersect each other at the point I;. The circle with centre I; and
touching the side BC and the extended sides AB and AC is called the ex-circle of the AABC.
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Distance between the circumcentre, O and the orthocentre, P Op = R./1 —8cos 4cos BeosC
Distance between the circumcentre, (0] and the incentre, |

1

|
Ol = R\'I] —Hsin% sing sing—' =+ R*=2rR

Ptolemy’s theorem: In a cyclic quadrilateral PQRS,
PR x QS =PQ x RS + QR x PS

m — n theorem: If D is a point on the side BC of AABC such that BD: DC = m: n and 2BAD = &, 2CAD
=0 and £ADC =y, then

B m D h C
(m+n)coty =mcot ¢ —ncotd
(m+n)coty) =ncotB—mcotC

e Ifsiny=x,theny= sin~Lx (We read it as sine inverse x)

Here, sinLx is an inverse trigonometric function. Similarly, the other inverse trigonometric functions are
as follows:

o Ifcosy =x,theny= cos Lx

o Iftany =x, theny = tan~ Lx

o Ifcoty =x theny = cot Ly
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o Ifsecy =ux theny = sec Ly

o Ifcosecy =x, theny = cosec Ly

¢ The domains and ranges (principle value branches) of inverse trigonometric functions can be shown in a
table as follows:

Function Domain Range (Principle value
branches)
y= sin~x [-1, 1] - %1 %
y= cos_lx [-1, 1] [0, 7]
- _E &
y = tan Iy R ( x )
y= COt_lx R (0, )
T
y=sec_1x R-(-1,1) [0, 7] _{5}
y= cosec”lx R—-(-1,1) - % % — {0}

e Note that y = tan”Lx does not mean that y = (tan x)_l. This argument also holds true for the other inverse
trigonometric functions.

e The principal value of an inverse trigonometric function can be defined as the value of inverse
trigonometric functions, which lies in the range of principal branch.

Example 1: What is the principal value of tan _1( - @ + i (1)?
Solution:

Lettan (- /3) =y and sin (1) =z

_ T "y - T L
= = —y3i=-— 2= HE : ina
tan y E'G ta11(3) tan( E)and sinz=1=sinz

L 1 .1 (_E E)and[_i z]
We know that the ranges of principal value branch of tan™ " and sin™ " are 33 323

respectively. Also, tan( - %) =— ﬁ sin (%:l =]

- =\ S ¥ AL
Therefore, principal values of A ( ﬁ) 3 ang, (1) 2

. -1 ] - o= — = T _T
e |IlI + A s e
Jotan ( j) 3n 1 3 3 .

e Graphs of the six inverse trigonometric functions can be drawn as follows:
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1
Y=eosec X

e Therelationsiny=x=y= sin~ Ly gives sin (sin_lx) =x, where x € [-1, 1]; and sin_l(sin X) = x, where x

e[_%%]

This property can be similarly stated for the other inverse trigonometric functions as follows:

° cos (cos_lx) =x,x €[-1,1] and cos_l(cos x)=x,x €[0, m]

1 1 (=22
o tan (tan” 'x)=x,x € Rand tan™ "(tanx) =x, x € CREE

o cosec (cosec_lx) =x,xER—-(-1,1)and cosec_l(cosec X)=Xx,X E[ = % g] - {0}

o sec (sec_lx) =x,xER—-(-1,1)and sec_l(sec x)=x,x€[0,m]— {

o cot (cot_lx) =x,x € Rand cot_l(cot x)=x,x € (0, m)

¢ For suitable values of domains;

o sin”! (1—) — cosec ™! x,x€ER—-(-1,1)

o cos | (1—)2 sec™! x,x€ER—-(-1,1)

X

g cot _I.T, =0
o tan (—) = |
cot m,ox—0x<

o) sin! X, x€[-1,1]

()

=cosx,x € [-1,1]
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11 tan _1_1', =0
o cot” ()= -1
m+tan x,x =0

Note: While solving problems, we generally use the formulas

tan ™ (1—) =cot 'x and cot™ (1?) =tan x when the conditions for x (i.e., x > 0 or x < 0) are not given

¢ For suitable values of domains;
1

o sin™! (=) =—sin lx, x € [-1, 1]
o cos”! (—x)=m— cos_lx, x€[-1,1]
o tan~! (—x) = —tan_lx, x ER

o cosec™1 (=)= —cosec_lx, x| =1
° sec_l(—x) =T— sec_lx, x| >1

o cot_l(—x) =m— cot_lx, x ER

e For suitable values of domains;

Lyvcos =2 xe[-1,1]
1

o sin~ 7
1
1

o tan "x + cot x=§,xER

1 T

o sec xtcosec x=%,[x 21

e For suitable values of domains;

-1 x+
tan li, ay <1
1 ) l—xp
O tan "x+tan "y = vk
-1 xty
THtan —— xy =1
“xp
| L gy
-+ =
o tan x+tan ¥ =tan Friy
. ) _ e T
Note: While solving problems, we generally use the formula tan Ly +tan ly =tan —11'_ i; when the
condition for xy is not given.
-1 —...—1 3x
e Forx €[-1, 1], 2tan Iy =sin 1—‘2
+x
—1. — -1 x
e Forx€(-1,1),2tan "x =tan ——
l—x
2
e Forx30,2 tan Ly = gog 1z
2
1+x

Example: 2

. d 2
For x, y € [-1, 1], show that: sin~lx + sin_ly — sin~ | (-"V{l —¥ +.J”V{1 —X )

Solution:
We know that sin™Lx and sin_ly can be defined only for x, y €[-1, 1]
Let sin~lx = a and sin_ly =b

= x=sinaand y =sin b
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Also, cos a=y1— +* and cos b =y1 —yz

We know that, sin (@ + b) =sin a cos b + cos a sin b

= a+b=sin"! [-"Jl —y° "'}’V‘l — -TEJ

i

1 1

=sin” x +sin "y =sin_

Example: 3

If tan (%) +tan (11—1) = y, then find sec x.

Solution:

11

We have x =tan = (%:] g (1—) =tan _1[1—

. _ _ E: _ i
[Usmg the 1dentity tan l.r +tan ly tan 1( HF ) wherexr =2

l—xp

B6-5

i 55+6
R 1 i
[ils]

=tan 1

A

SE‘CI:SEC%:VE

Example: 4

3
3x—x
Show that: 3tan~lx = tan™ (1—3;-2 ) where x| —
Solution:
We know that,

3tan_1x = tan_lx + 2tan_1x

|

&

and ¥ =

ucnrene €9

1

1

1
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=tan lx +tan —2_ 5
1—x
X
e -1 =54
=tan | ——5—
1—x =
1-a 2
3 —x 3
= = 1—x 2
=tan
1-3
1-x 2
1—3x
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